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Abstract
We consider a way of eliminating the unwanted scalar graviton from Horˇava-
Lifshitz gravity. That is achieved via introduction of certain additional con-
straints. We perform canonical analysis of both projectable and non-projectable
versions of the theory. We obtain the structure of constraints in each case,
and analyze its dependence on the values of the coupling constants involved
in the additional constraints. In the non-projectable theory, the scalar gravi-
ton is absent when the coupling constants have certain values, while for other
values the scalar graviton appears. The projectable theory is free from the
scalar graviton regardless of the values of the coupling constants, even though
the structure of constraints does depend on the value of a coupling constant.
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Klusonˇ), markku.oksanen@helsinki.fi (M. Oksanen)
1 Introduction
In 2009 P. Horˇava introduced power-counting renormalizable theory of gravity in [1]
2. This theory is renormalizable thanks to the existence of the anisotropic scaling
t→ bzt ,x→ bx , (1)
where z is dynamical critical exponent where z ≥ 3 in the space-time with three
spatial dimensions. This theory is now known as Horˇava-Lifshitz (HL) gravity. The
physical variables in HL gravity follow from standard 3 + 1 decomposition of the
metric [4] 3 and consists from the lapse N , shift N i and the three-dimensional spatial
metric gij. Currently there are two version of HL gravity. In the first one, known
as projectable theory, the lapse depends on time only:
N = N(t) , N i = N i(t,x) , gij = gij(t,x) . (2)
On the other hand in non-projectable theory the lapse depends on the spatial coor-
dinates as well
N = N(t,x) , N i = N i(t,x) , gij = gij(t,x) . (3)
Since space and time coordinates scale differently in HL gravity, the theory is not
invariant under full four-dimensional diffeomorphism but only under so-called foli-
ation preserving diffeomorphism
t→ t′(t) , x→ x′(t,x) . (4)
Due to the fact that the number of gauge symmetries is restricted the number of
propagating degrees of freedom is larger. Explicitly, the theory contains non-only a
tensor graviton but also a scalar graviton and the consistency of the theory crucially
depends on the properties of the scalar graviton. The properties of given scalar
graviton depends on the fact whether we consider projectable or non-projectable HL
gravity where it turns out that projectable theory suffers from infrared instability.
It turns out that the scalar graviton has much better properties when we consider
non-projectable theory [6, 7].
Another possibility how to avoid the problems with the scalar graviton was
proposed by P. Horˇava and Melby-Thompson in [8] where U(1) extension of the
projectable version of HL gravity was considered. Thanks to this additional sym-
metry we can argue that the scalar graviton is absent. It was argued originally that
the presence of given symmetry fixed the dimensionless parameter λ that appears in
the definition of the generalized de Witt metric to be equal to one. However, it was
shown in [9] that this U(1) symmetry is preserved for any value of λ. The absence
of the scalar graviton when λ 6= 1, and the potential problems regarding stability,
ghosts and strong coupling, have been analyzed in [10]. The Hamiltonian analysis
2For review, see [2, 3].
3For review, see [5].
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of projectable HL gravity with the extra U(1) symmetry was also performed in [11].
Moreover, it was argued in [12] that the same number of degrees of freedom can be
found in the Lagrange multiplier modified HL gravity which implies an existence of
the additional constraint. However, the condition of the preservation of given con-
straint during the time development of the system implies an additional constraint
which is more complicated and it is very difficult to solve it explicitly. Further, the
symplectic structure of the Lagrange multiplier modified HL gravity is also very
involved. Then one can ask the question whether it is possible to formulate HL
gravity with additional constraints that can be explicitly solved and with simpler
symplectic structure. The aim of this paper is to construct such a form of the non-
projectable HL gravity with two additional constraints. The Hamiltonian analysis
of non-projectable HL gravity was performed in [13], see also [14, 15]. This analysis
was further extended in [16] with very important identifications of the global first
class constraints whose analysis was missing in [13]. Recently the Hamiltonian anal-
ysis of non-projectable HL gravity with U(1) symmetry was studied in [17] where
the structure of local constraints was very carefully analyzed.
In this paper we consider more general situation when we have two additional
constraints in the non-projectable and projectable gravity. Following [17] we con-
sider the most general form of these additional constrains that preserve the power
counting renormalizability of HL gravity. Then we argue that for the generic form
of the parameters that define these constraints the additional constrains cannot
eliminate the scalar graviton. On the other hand we find that in some exceptional
cases this scalar graviton can be eliminated. This analysis can be considered as
the generalization of the analysis presented in [17]. We also discuss the form of
two global first class constraints which were not analyzed in [17]. These constraints
cannot eliminate local degrees of freedom but reflect the invariance of the theory
under foliation preserving diffeomorphism [16].
It has been observed that the linearized approximation of HL gravity with a
truncated potential (that consists of only the nonrenormalizable terms (3)R, (3)R2
and (3)Rij
(3)Rij) does not contain the scalar graviton [18]. However, the extra scalar
mode is known to be present in the corresponding nonlinear theory [14]. In order to
avoid missing any physical degrees of freedom, we shall perform our analysis within
a full nonlinear theory.
The structure of given paper is as follows. In section 2 we introduce the non-
projectable HL gravity with two additional constraints. Then in section 3 we per-
form Hamiltonian analysis of the introduced theory with dependence on the values of
the parameters that appear in these constraints. In section 4 we perform canonical
analysis of projectable HL gravity with additional constraints. Finally in conclu-
sion 5 we outline our results.
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2 Non-projectable HL gravity with additional con-
straints
In this section we will propose non-projectable HL gravity with additional con-
straint. Explicitly, we consider the action in the form
S =
1
κ2
∫
dtd3x[N
√
g(KijGijklKkl − V(g, ai) + Λ√gK + 1
4
√
gf(Λ)gijGijklgkl
+ A
√
g((3)R− Ω+ η1aiai + η2∇iai)] , (5)
where N = N(x, t), ai =
∇iN
N
and Kij is equal to
Kij =
1
2N
(∂tgij −∇iNj −∇jNi) . (6)
Further the generalized De Witt metric Gijkl is defined as
Gijkl = 1
2
(gikgjl + gilgjk)− λgijgkl (7)
with inverse
Gijkl = 1
2
(gikgjl + gilgjk)− λ
3λ− 1gijgkl , GijklG
klmn =
1
2
(δmi δ
n
j + δ
n
i δ
m
j ) . (8)
Finally note that the generic potential of non-projectable HL has the form
V(gij , a) = ρ2α1 − α2(3)R − α3aiai
+ ρ−2(β1
(3)R2 + β2
(3)Rij(3)Rij + β3∇2(3)R
+ βa4ai∇2ai + β5(∇iai)2 + β6(aiai)2 + β7aiaj (3)Rij + . . . )
+ ρ−4(ω1
(3)R3 + ω2
(3)R(3)Rij (3)Rij + ω3
(3)Rij
(3)R
j
k
(3)Rki
+ ω4∇i(3)Rjk∇i(3)Rjk + ω5(3)R∇2(3)R
+ ω6∇4(3)R + ω7ai∇4ai + ω8aiaiaj∇2aj
+ ω9(aia
i)3 + ω10aia
iajak
(3)Rjk + ω11aia
j (3)Rik(3)Rjk + . . . ) , (9)
where ρ2 = 1
2κ
, where κ2 is the constant that reduces to the gravitational constant
at low energy. Further, αi, βi and ωi are dimensionless coupling constants. We also
introduced the general function of Lagrange multiplier f(Λ) whose specific form will
be determined later.
Before we proceed to the Hamiltonian formulation of the theory introduced above
we should explain the presence of the terms with the constants η1, η2. To do this
we list the scaling dimensions of coordinates and fields (in mass units)
[t] = −z , [xi] = −1 , [dtd3x] = −z − 3 ,
[gij] = 0 , [N ] = 0 , [Ni] = [N
i] = z − 1 ,
[Kij ] = z ,
[
(3)R
]
= 2 , [A] = 2z − 2 , [Λ] = z . (10)
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Observe that the scaling dimensions of the kinetic terms are [KijKij ] = [K
2] = 2z
and hence power counting renormalizability requires that the other terms in the
action should have scaling dimensions equal to or less than 2z. Then we observe
that the expression A(3)R is marginal with the scaling dimension 2z. We also see
that
[An] = 2n(z − 1) > 2z , for n ≥ 2 , z ≥ 3 (11)
and hence in order to preserve renormalizability of the action it should contain terms
at most linear in A. Note also that the spatial derivatives of all other fundamental
variables have positive scaling dimensions. Further, from the fact that the scaling
dimension of Λ is [Λ] = z we see that f(Λ) could be quadratic function. Since
[ai] = 1 we see that generally there could be terms linear in Λ that is multiplied
with aia
i. Explicitly we can presume that f(Λ) has the form
f(Λ) = γ0Λ + γ1aia
iΛ+ γ2∇iaiΛ + γ3Λ2 , (12)
where γ0, γ1 and γ2 are dimensional constants, and γ3 is a dimensionless constant,
as the dimension of f(Λ) is 2z. We will show that the Hamiltonian structure of the
theory crucially depends on specific values of these constants. However, from the
form of the function f(Λ) and from the action (5) it is clear that the terms that
are multiplied by the constants η2 and γ2 have the same impact on the constraint
structure as terms multiplied by η1, γ1. For simplicity of the resulting expressions
we will presume that γ2 = η2 = 0 keeping in mind that the same analysis is valid
for the general case as well.
3 Hamiltonian formalism
Now we are ready to proceed to the Hamiltonian formulation. From the action (5)
we obtain
piij =
δL
δ∂tgij
=
1
κ2
√
gGijklKkl + 1
2κ2
Λ
√
ggij ,
piN =
δL
δ∂tN
= 0 , pii =
δL
δ∂tN i
= 0 ,
pA =
δL
δ∂tA
= 0 , pΛ =
δL
δ∂tΛ
= 0 , (13)
and hence we find the bare Hamiltonian in the form
HB =
∫
d3x(piij∂tgij −L)
=
∫
dtd3x[N
κ2√
g
(piij − 1
2
Λ
√
ggij)Gijkl(pikl − 1
2
Λ
√
ggkl)
+
1
κ2
N
√
gV(g, ai)− 1
κ2
N
√
g(γ0Λ + γ1aia
iΛ + γ3Λ
2)gijGijklgkl
− 1
κ2
AN
√
g((3)R− Ω+ η1aiai) +N iHi] (14)
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together with following set of primary constraints
piN ≈ 0 , pii ≈ 0 , pA ≈ 0 , pΛ ≈ 0 . (15)
It turns out that there is a particular combination of the primary constraint piN that
is defined as [16]
ΠN =
∫
d3xNpiN . (16)
This constraint obeys the relation
{ΠN , ai(x)} = 0 (17)
and also
{ΠN , N(x)} = N(x) , {ΠN , piN(x)} = −piN (x) . (18)
In the usual non-projectable HL gravity, ΠN is a first class constraint. Hence we
have to be careful with the definition of the local and global constraints. It is
instructive to define the following local constraint
p˜iN(x) = piN(x)−
√
g(x)∫
d3xN
√
g
ΠN . (19)
In other words, we decompose the constraint piN(x) in terms of the local and global
constraints p˜iN (x) and ΠN . The local constraint p˜iN(x) contains one constraint per
point in space minus one global constraint 4, since these constraints are restricted
by definition as ∫
d3xN(x)p˜iN (x) = 0 . (20)
Together with the global constraint ΠN we have a total of one constraint per point
in space, which is the same as the number of the original constraints piN .
Now we are ready to proceed to the analysis of the stability of the primary
constraints. The requirement of the preservation of the constraints pΛ ≈ 0 , pA ≈ 0
implies following secondary constraints
ΦI ≡ 1
κ2
√
g((3)R− Ω+ η1aiai) ≈ 0 ,
ΦII ≡ 2gijGijklpikl + (γ0 + γ1aiai + 2γ3Λ− 1
2
Λ)gijGijklgkl ≈ 0 . (21)
As usual the preservation of the constraint pii ≈ 0 implies the constraint Hi that we
extend with the appropriate combinations of the primary constraints pA ≈ 0 , pΛ ≈ 0
H˜i = −2gik∇jpijk + pA∂iA+ pΛ∂iΛ . (22)
It is convenient to introduce the smeared form of these constraints
TS(N
i) =
∫
d3xN iH˜i . (23)
4In the notation used in [19], such a constraint is said to contain a total of ∞3 − 1 constraints.
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Then it is easy to see that{
TS(N
i), gij
}
= −Nk∂kgij − ∂iNkgkj − gik∂jNk ,{
TS(N
i), piij
}
= −∂k(Nkpiij) + ∂kN ipikj + piik∂kN j ,{
TS(N
i),Λ
}
= −N i∂iΛ ,{
TS(N
i), A
}
= −N i∂iA , (24)
so that {
TS(N
i),ΦII
}
= −∂k(NkΦII) ≈ 0 ,{
TS(N
i),ΦI
}
= −∂k(NkΦI) ≈ 0 . (25)
Let us now consider the time evolution of the global constraint ΠN
∂tΠN =
{
ΠN ,
∫
d3xNH0
}
=
∫
d3xNH0 = 0 , (26)
where we also used the fact that
{ΠN ,ΦI(x)} = {ΠN ,ΦII(x)} = 0 . (27)
We see that the requirement of the preservation of the constraint ΠN ≈ 0 implies
an existence of the second global constraint
Π0 ≡
∫
d3xNH0 ≈ 0 . (28)
Finally, the requirement of the preservation of the constraint p˜iN ≈ 0 implies
∂tp˜iN (x) =
{
piN(x)−
√
g(x)∫
d3xN
√
g
ΠN ,
∫
d3yNH0
}
= C(x)−
√
g(x)∫
d3xN
√
g
Π0 ≡ C˜(x) , (29)
where
C = H0 − 1
N
∇iV i − ( 2
κ2
ama
mΛγ1 +
2
κ2
γ1∇i[aiΛ])√ggijGijklgkl
− ( 2
κ2
ama
mAη1 +
2
κ2
η1∇i[aiA])√g , (30)
and where we defined vector density
V i(x) =
1
κ2
δ
δai(x)
∫
N
√
gV(gij, ai) , (31)
and where H0 is equal to
H0 = κ
2
√
g
(piij − 1
2
Λ
√
ggij)Gijkl(pikl − 1
2
Λ
√
ggkl)
+
1
κ2
√
gV(g, ai)− 1
κ2
√
g(γ0 + γ1aia
iΛ + γ3Λ
2)gijGijklgkl . (32)
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Note that C defined in (30) is an extended version of the constraint introduced in
[16].
Before we proceed further we show that with the help of C we can write ∫ d3xNH0
as ∫
d3xNH0 =
∫
d3xNC , (33)
when we presume that the spatial hypersurface does not have a boundary. Using
this fact we obtain that C˜ obeys following condition∫
d3xN C˜ = 0 . (34)
Again we see that the local constraint C˜(x) together with the global constraint
Π0 contain one constraint per each point in space. Collecting all these constraints
together we find that the total Hamiltonian has the form
HT = ΠN +Π0+
∫
d3x(vN p˜iN + v
ipii+ v
ApA+ v
ΛpΛ+Γ
IΦI +Γ
IIΦII +Γ
C˜C˜) . (35)
Before we proceed further we list a collection of useful Poisson brackets
{pA(x), C(y)} = 2
κ2
ama
mη1δ(x− y) + 2
κ2
η1∇yi [ai(y)δ(x− y)] ,
{pΛ(x), C(y)} = ( 2
κ2
ama
mγ1δ(x− y) + 2
κ2
γ1∇yi [ai(y)δ(x− y)])gijGijklgkl(y)
(36)
and also
{pΛ(x),ΦII(y)} = −
(
2γ3 − 1
2
)
gijGijklgkl(x)δ(x− y) (37)
and we see that this Poisson bracket is zero for γ3 =
1
4
. It is also clear that
{p˜iN(x), C(y)} = △piN ,C(x,y) 6= 0 (38)
and also
{p˜iN (x),ΦI(y)} = η1
κ2
√
g(y)
N(y)
[ai(y)δ(x− y)− ∂yiδ(x− y)]ai(y) ≡ △piN ,ΦI (x,y) ,
{p˜iN (x),ΦII(y)} = γ1
κ2
√
g(y)
N(y)
[ai(y)δ(x− y)− ∂yiδ(x− y)]ai(y)gijGijklgkl ≡ △piN ,ΦII (x,y) .
(39)
Observe that ΠN has vanishing Poisson bracket with C as follows from the following
Jacobi identity
{ΠN , C(x)} =
{
ΠN ,
{
piN(x),
∫
d3yNH0
}}
= −
{
piN(x),
{∫
d3yNH0,ΠN
}}
−
{∫
d3yNH0, {ΠN , piN(x)}
}
= −
{
piN(x),
∫
d3yNH0
}
−
{∫
d3yNH0, piN(x)
}
= 0 , (40)
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using the fact that {ΠN ,H0(x)} = 0. Then it is easy to see that
{
ΠN , C˜(x)
}
= 0
and also
{ΠN ,ΦI(x)} = {ΠN ,ΦII(x)} = 0 (41)
so that we could anticipate that ΠN is the first class constraint.
Next we will discuss the constraint structure of the theory for specific values of
the parameters γi, ηi.
3.1 Generic case: γ3 6= 14, γ1 6= 0 , η1 6= 0
In this subsection we denote all constraints as Ψi = (pΛ,ΦI , C˜, p˜iN , pA,ΦII) and
corresponding Poisson brackets between these constraints as
{Ψi(x),Ψj(y)} = △ij(x,y) (42)
with inverse matrix △ij(x,y) that obeys the equation
∫
d3z△ik(x, z)△kj(z,y) = δji δ(x− y) . (43)
Now we analyze the time evolution of all constraints. For pA we have
∂tpA(x) = {pA(x), HT} =
∫
d3y△pA,C˜(x,y)ΓC˜(y) = 0 (44)
that implies ΓC˜ = 0 as follows from (36). In the same way we get
∂tpΛ(x) = {pΛ(x), HT} =
∫
d3y△pΛ,ΦII (x,y)ΓII(y) = 0 , (45)
where we used the fact that ΓC˜ = 0. We again see that the equation above has the
solution ΓII = 0. Finally
∂tp˜iN (x) = {p˜iN(x), HT} =
∫
d3y△p˜iN ,ΦI (x,y)ΓI = 0 , (46)
where we used the fact that ΓC˜ = ΓII = 0. Then the equation (46) implies ΓI = 0.
Now using these results it is easy to perform the analysis of the preservation of the
constraints ΦI ≈ 0 ,ΦII ≈ 0 and C˜ ≈ 0. However, we should also ensure that the
constraints ΠN ,Π0 are the first class constraints. To do this we introduce following
modification of these constraints
Π˜N = ΠN −
∫
d3zd3z′ {ΠN ,Ψi(z)}△ij(z, z′)Ψj(z′) ,
Π˜0 = Π0 −
∫
d3zd3z′ {Π0,Ψi(z)}△ij(z, z′)Ψj(z′) , (47)
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which by definition Poisson commute with all second class constraints Ψi as can be
seen from{
Π˜N ,Ψi(x)
}
= {ΠN ,Ψi(x)} −
∫
d3zd3z′ {ΠN ,Ψk(z)}△kj(z, z′) {Ψj(z′),Ψi(x)}
= {ΠN ,Ψi(x)} −
∫
d3zd3z′ {ΠN ,Ψk(z)}△kj(z, z′)△ji(z′,x)
= {ΠN ,Ψi(x)} −
∫
d3z {ΠN ,Ψk(z)} δ(z− x)δki = 0 .
(48)
In the same way we find
{
Π˜0,Ψi(x)
}
= 0. We see that it is natural to replace ΠN ,Π0
with Π˜N and Π˜0 that are the first class constraints and Poisson commute with Ψi.
Then we can easily perform the analysis of the time evolution of the constraints
ΦI ,ΦII and C˜ where now the requirement of their preservations imply that vN , vA
and vΛ have to vanish.
In summary we have the collection of the second class constraints Ψi that can
be solved in the following way. From ΦII we express Λ as function of canonical
variables. From C˜ we express A at least in principle and from ΦI we express ai
that allows us to find N again at least in principle. In other words all phase space
variables (N, piN), (A, pA) and (Λ, pΛ) are eliminated. On the other hand there are
still 12 degrees of freedom in gij, piij where 6 of them can be eliminated by gauge
fixing of three first class constraints H˜i. In other words the generic case has an
important property that the scalar graviton is still present. Finally we have two
global first class constraints Π˜N = ΠN , Π˜0 = Π0 where we used the fact that the
second class constraints Ψi vanish strongly.
3.2 The Case γ3 =
1
4
In this case we find that {pΛ(x),ΦII(y)} = 0 and also that ΦII does not depend
on Λ. Now we proceed in the following way. Let us denote Ψi as collection of the
constraints (C˜, p˜iN , pA,ΦI) and the matrix of Poisson brackets between them as
{Ψi(x),Ψj(y)} = △ij(x,y) . (49)
It is important to stress that there are still non-zero Poisson brackets between pΛ
and Ψi and ΦII . Then we define following constraint
Φ˜II(x) = ΦII(x)−
∫
d3yd3z {ΦII(x),Ψi(y)}△ij(y, z)Ψj(z) . (50)
It can be shown as in (48) that this constraint Poisson commutes with all second
class constraints Ψi{
Φ˜II(x),Ψk(y)
}
= {ΦII(x),Ψk(y)}
−
∫
d3zd3z′ {ΦII(x),Ψi(z)}△ij(z, z′)△jk(z′,y) = 0 , (51)
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where the matrix △ij(x,y) is the inverse matrix to the matrix △ij(x,y) defined in
(49) that has the property
∫
d3z△ij(x, z)△jk(z,y) = δki δ(x− y) . (52)
In the same way we define p˜Λ as
p˜Λ(x) = pΛ(x)−
∫
d3zd3z′ {pΛ(x),Ψi(z)}△ij(z, z′)Ψj(z′) , (53)
which again obeys
{p˜Λ(x),Ψi(y)} = 0 . (54)
On the other hand the Poisson bracket between p˜Λ and Φ˜II is equal to
{
p˜Λ(x), Φ˜II(y)
}
= −
∫
d3zd3z′ {pΛ(x),Ψi(z′)}△ij(z, z′) {Ψj(z′),ΦII(y)} (55)
that is non-zero and hence we see that p˜Λ(x), Φ˜II(y) are the second class constraints.
Finally we define Π˜N , Π˜0 as
Π˜N = ΠN −
∫
d3zd3z′ {ΠN ,ΨA(z)}△AB(z, z′)ΨB(z′) ,
Π˜0 = Π0 −
∫
d3zd3z′ {Π0,ΨA(z)}△AB(z, z′)ΨB(z′) , (56)
where ΨA = (p˜Λ, Φ˜II ,Ψi) and where the matrix △AB is the matrix of the Poisson
brackets between these constraints that has inverse △AB by definition. Using this
notation we find the total Hamiltonian in the form
HT = Π˜0 + cN Π˜N +
∫
d3x(ΓAΨA + v
ipii +N
iH˜i) . (57)
Now we are ready to study the time evolution of all constraints
∂tp˜Λ(x) = {p˜Λ(x), HT} =
∫
d3y
{
p˜Λ(x), Φ˜II(y)
}
ΓII(y) = 0 , (58)
that has solution ΓII = 0. Then it is easy to see that
∂tΦ˜II(y) =
{
Φ˜II(y), HT
}
=
∫
d3y
{
Φ˜II(x), p˜Λ(y)
}
vΛ(y) = 0
that has again solution vΛ = 0. Then we can proceed to the analysis of the time
evolution of the constraints Ψi. In case of pA and piN we obtain
∂tpA(x) = {pA(x), HT} ≈
∫
d3y
{
pA(x), C˜(y)
}
ΓC˜(y) = 0 , (59)
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which gives ΓC˜ = 0. In the same way we have
∂tp˜iN(x) = {p˜iN (x), HT} ≈
∫
d3y {p˜iN(x),ΦI(y)}ΓI(y) = 0 , (60)
which again implies ΓI . Using these results it is easy to perform the analysis of
the time evolution of the constraints C˜ and ΦI . We again find two equations for
the Lagrange multipliers vN , vA that can be solved for the canonical variables. In
summary, we have six second class constraints Φ˜II , p˜Λ, C˜, p˜iN ,ΦI , pA that can be
solved in the same way as in previous section. In other words, the scalar graviton
is still present.
3.3 The Case: γ3 =
1
4 , γ1 = 0
This is an exceptional case when
{pΛ(x),ΦII(y)} = 0 ,
{
pΛ(x), C˜(y)
}
= 0 . (61)
In other words pΛ ≈ 0 is the first class constraint. On the other hand ΦII ≈ 0 has
still non-zero Poisson brackets with C˜ ≈ 0 and with ΦI ≈ 0. As in previous section
we use the common notation Ψi = (C˜, p˜iN , pA,ΦI) and introduce Φ˜II as in (50). Now
we are ready to study the time evolution of all constraints. In case pΛ the situation
is trivial as pΛ is the first class constraint. In case of the constraints Φ˜II ≈ 0 we
obtain
∂tΦ˜II(x) =
{
Φ˜II(x), HT
}
= cN(t)
∫ {
Φ˜II(x),H0(y)
}
N(y) ≡ cN(t)ΦIII(x) = 0 .
(62)
In other words, the requirement of the preservation of the constraint Φ˜II ≈ 0 either
imposes the condition cN(t) = 0 or we should introduce another local constraint
ΦIII ≈ 0. Since ΦII is local constraint we mean that it is more natural to impose
another local constraint rather then to determine global Lagrange multiplier to
be zero. In other words we claim that the requirement of the preservation of the
constraint Φ˜II ≈ 0 induces another constraint ΦIII ≈ 0 5. Now we proceed in the
similar way as in previous section. Let us denote all second class constraints as
ΨA = (Φ˜II ,ΦIII ,Ψi) and introduce Π˜N , Π˜0 as in (56) that ensure that Π˜N , Π˜0 are
global first class constraints. On the other hand the existence of the constraints
ΦI , pA does not restrict the number of the physical degrees of freedom in the gravity
sector since we again have non-zero Poisson brackets between C˜ and pA and ΦI and
p˜iN due to the presence of the term η1aia
i in ΦI . Explicitly, the time evolution of
the constraint pA is given by the equation
∂tpA(x) = {pA(x), HT} =
∫
d3x
{
pA(x), C˜(y)
}
ΓC˜(y) = 0 , (63)
5 This is similar situation as in paper [20].
11
which again implies ΓC˜ = 0. In the same way the time evolution of the constraint
p˜iN ≈ 0 implies that ΓI = 0. Finally the requirement of the preservation of the
constraint C˜ ≈ 0,ΦI ≈ 0 implies that uN , uA are zero. In other words ΦI , C˜, p˜iN , pA
are the second class constraints, where C˜ can be solved for A while ΦI can be solved
for ai and hence for N , at least in principle. Further, pΛ ≈ 0 is the first class
constraint that can be fixed by requirement Λ = const. However, as opposite to the
previous cases we now have two constraints Φ˜II and ΦIII that are the second class
constraints that can be solved for two degrees of freedom that are contained in gij.
For example, from Φ˜II we can express pi = pi
ijgij at least in principle. In summary,
the exceptional case when γ1 = 0, γ3 =
1
4
allows to eliminate the scalar graviton.
However, now due to the fact that ΦIII arises from the Poisson bracket between Φ˜II
and H0 we find that ΦIII is very complicated expression in the canonical variables.
Further, the symplectic structure of this case is complicated as well due to the
non-trivial form of the Poisson brackets between all second class constraints.
3.4 Exceptional case: γ1 = γ2 = η1 = η2 = 0
In this subsection we consider exceptional case when γ1 = γ2 = η1 = η2 = 0 and
γ3 =
1
4
. Note that in this case the constraints ΦI ,ΦII and C˜ have very simple form
ΦII = 2g
ijGijklpikl + γ0gijGijklgkl ≈ 0 ,
ΦI =
1
κ2
√
g((3)R− Ω) ≈ 0 ,
C˜ = H0 − 1
N
∇iV i −
√
g∫
d3xN
√
g
Π0 , (64)
where now C˜ does not depend on Λ and A. Now we see that pA and pΛ have
vanishing Poisson brackets with all other constraints so that they are the first class
constraints. We also see that we have
{p˜iN(x),ΦI(y)} = {p˜iN(x),ΦII(y)} = 0 (65)
Let us denote Ψi = (p˜iN , C˜) and corresponding matrix of Poisson brackets as {Ψi(x),Ψj(y)} =
△ij(x,y) (note that following Poisson bracket is non-zero as well
{
C˜(x), C˜(y)
}
) with
inverse △ij. We again define Φ˜I , Φ˜II as
Φ˜I(x) = ΦI(x)−
∫
d3zd3z′ {ΦI(x),Ψi(z)}△ij(z, z′)Ψj(z′) ,
Φ˜II(x) = ΦII(x)−
∫
d3zd3z′ {ΦI(x),Ψi(z)}△ij(z, z′)Ψj(z′) . (66)
Then it is easy to see that{
Φ˜I(x),Ψi(y)
}
= {ΦI(x),Ψi(y)} −
∫
d3x {ΦI(x),Ψk(z)}△kl(z, z′)△li(z′,y)
= {ΦI(x),Ψi(y)} −
∫
d3z {ΦI(x),Ψk(z)} δki δ(z− y) = 0 .
(67)
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In the same way we find that
{
Φ˜II(x),Ψi(y)
}
= 0. On the other hand we clearly
have that there is a non-zero matrix{
Φ˜A(x), Φ˜B(y)
}
= ΩAB(x,y) , (68)
where now A,B = I, II.
Now we are ready to proceed to the analysis of the time development of var-
ious constraints. First of all we introduce Π˜N , Π˜0 as in (56) where now ΨA =
(Φ˜I , Φ˜II , C˜, p˜iN , pA, pΛ). In case of the constraints pA and pΛ we trivially obtain that
they are preserved during the time evolution of the system. In case of the constraints
Φ˜A we obtain
∂tΦ˜A(x) =
{
Φ˜A(x), HT
}
=
∫
d3yΩAB(x,y)Γ
B(y) = 0 , (69)
which can be solved for ΓB thanks to the fact that the matrix ΩAB is non-singular.
In case of the constraints Ψi we find
∂tΨi(x) = {Ψi(x), HT} =
∫
d3y△ij(x,y)Γj(y) = 0 , (70)
which can be again solved for Γi. In other words we have completely fixed all
Lagrange multipliers. Now we have following picture. The constraints C˜ ≈ 0 , p˜iN ≈
0 are the second class constraints that can be solved for N and piN . On the other
hand the constraints Φ˜I ≈ 0 , Φ˜II ≈ 0 are the second class constraints that can
be solved for two modes corresponding to the scalar graviton. Explicitly, from ΦII
given in (64) we can easily express pi = gijpiij as constant. On the other hand from
ΦI we could express another mode. Note that the structure of these constraints
is much simpler than in previous section that makes this exceptional case more
attractive. In summary, we have found the non-projectable HL gravity with the
physical spectrum that is the same as in General Relativity.
4 Projectable HL gravity with additional constraints
In this section we present the Hamiltonian analysis of projectable version of HL
gravity with additional constraints. Recall that in this case the action has the form
S =
1
κ2
∫
dtd3x[N
√
g(KijGijklKkl − V(g) + Λ√gK
+
1
4
√
gf(Λ)gijGijklgkl + A√g((3)R− Ω)] , (71)
where now N = N(t) and where the potential V has the same form as in non-
projectable case with exception that all terms that contain ai are missing. Finally
the function f(Λ) has the form
f(Λ) = γ0Λ + γ3Λ
2 . (72)
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Now we can proceed to the Hamiltonian formulation of the projectable theory (71).
If we proceed in the same way as in section 3 we find the bare Hamiltonian in the
form
HB =
∫
d3x[NH0 − 1
κ2
AN
√
g((3)R − Ω) +N iHi] , (73)
where
H0 = κ
2
√
g
(piij − 1
2
Λ
√
ggij)Gijkl(pikl − 1
2
Λ
√
ggkl)
+
1
κ2
√
gV(g)− 1
κ2
√
g(γ0Λ + γ3Λ
2)gijGijklgkl . (74)
Note that there is also collection of local primary constraints
pii(x) ≈ 0 , pA(x) ≈ 0 , pΛ(x) ≈ 0 (75)
together with the global one
piN ≈ 0 . (76)
Now we proceed to the analysis of the stability of the primary constraints. The
requirement of the preservation of the constraints pΛ ≈ 0 , pA ≈ 0 implies following
secondary constraints
ΦI ≡ 1
κ2
√
g((3)R − Ω) ≈ 0 ,
ΦII ≡ 2gijGijklpikl + (γ0 + 2γ3Λ− 1
2
Λ)gijGijklgkl ≈ 0 . (77)
As usual the preservation of the constraint pii ≈ 0 implies the constraint Hi that we
extend with the appropriate combinations of the primary constraints pA ≈ 0 , pΛ ≈ 0
H˜i = −2gik∇jpijk + pA∂iA+ pΛ∂iΛ . (78)
It can be shown as in section (3) that they are the first class constraints that are
generators of spatial diffeomorphism. Finally the requirement of the preservation of
the constraint piN ≈ 0 implies following global constraint
∂tpiN (t) = {piN (t), HB} = −
∫
d3xH0 ≡ −Π0 . (79)
Then the total Hamiltonian with all constraints included has the form
HT = N(t)Π0 + vNpiN +
∫
d3x(vipii + v
ApA + v
ΛpΛ + Γ
IΦI + Γ
IIΦII) . (80)
Now the further analysis depends on the value of the parameter γ3.
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4.1 The Case γ3 6= 14
In this case we find that
{pΛ(x),ΦII(y)} = −2(γ3 − 1
4
)gijGijklgklδ(x− y) . (81)
We see that the constraints pΛ ≈ 0 and ΦII ≈ 0 are the second class constraints.
Let us further define the modified constraint Φ˜I as
Φ˜I(x) = ΦI(x)−
∫
d3zd3z′ {ΦI(x),ΨA(z′)}△AB(z, z′)ΨB(z′) , (82)
where ΨA ≡ (pΛ,ΦII) and where {ΨA(x),ΨB(y)} = △AB(x,y) with inverse matrix
△AB. Then we have that
{
Φ˜I(x),ΨA(y)
}
= 0 and hence the time evolution of the
constraint Φ˜I is equal to
∂tΦ˜I(x) =
{
Φ˜I , HT
}
= N(t)
∫
d3y
{
Φ˜I(x),H0(y)
}
≡ N(t)ΦIII = 0 . (83)
Now we can argue as in previous section that the requirement of the preservation
of the constraint Φ˜I implies an additional constraint ΦIII whose explicit form is not
needed for us. Then we have following collection of the second class constraints
Ψi = (Φ˜I ,ΦIII ,ΦII , pΛ) where the last two constraints can be solved for pΛ and for
Λ while Φ˜I and ΦIII can be solved for the scalar graviton in the similar way as in
[12].
4.2 The Case γ1 =
1
4
In this case we have that {pΛ(x),ΦII(y)} = 0 and hence pΛ ≈ 0 is the first class
constraint. Then ΦA, A = I, II are the second class constraints with non-trivial
Poisson bracket
{ΦI(x),ΦII(y)} = − 2
κ2
√
g(Λδ(x− y) +∇i∇iδ(x− y)) ≡ △I,II(x,y) , (84)
using
{
R(x), piij(y)
}
= −Rij(x)δ(x− y) +∇i∇jδ(x− y)− gij∇k∇kδ(x− y) . (85)
To proceed further we introduce modified form of the global constraint in the form
Π˜0 = Π0 −
∫
d3x {Π0,ΦA(x)}△AB(x,y)ΦB(y) , (86)
so that
{
Π˜0,ΦA(x)
}
= 0. Then the total Hamiltonian has the form
HT = N(t)Π˜0 + vNpiN +
∫
d3x(vApA + v
ΛpΛ + Γ
IΦI + Γ
IIΦII) . (87)
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up to the diffeomorphism constraints. Then it is easy to study the evolution of the
constraints ΦA
∂tΦA(x) = {ΦA, HT} ≈
∫
d3y△AB(x,y)ΓB(y) = 0 , (88)
which due to the fact that the matrix △AB(x,y) is non-singular has the solution
ΓB = 0. In other words ΦI ,ΦII are the second class constraints. Further, the
constraints pΛ ≈ 0 , pA ≈ 0 are the first class constraints that can be fixed by
particular choice of Λ and A. Further, from ΦII we can eliminate the trace of the
conjugate momenta gijpiij while from ΦI we can eliminate another degree of freedom
from the graviton, at least in principle. In summary the number of physical degrees
of freedom is the same as in case of General Relativity while the symplectic structure
is more involved. To see explicitly, let us introduce G(x,y) as Green function of the
operator ∇i∇i + Λ defined as
√
g(∇i∇i + Λ)G(x,y) = δ(x− y) . (89)
Then it is easy to see that the inverse matrix to △I,II has the form
(△−1)II,I(x,y) = −κ
2
2
G(x,y) . (90)
Then we are ready to the calculations of the Dirac brackets of the canonical variables{
gij(x), pi
kl(y)
}
D
=
{
gij(x), pi
kl(y)
}
−
∫
d3zd3z′ {gij(x),ΦII(z)} (△−1)II,I(z, z′)
{
ΦI(z
′), pikl(y)
}
=
1
2
(δki δ
l
j + δ
l
iδ
k
j )δ(x− y)−
1
2
gij(x)G(x,y)R
kl(y)
+
1
2
gij(x)∇ky∇lyG(x,y)
√
g(y)− 1
2
gij(x)∇m,y∇my G(x,y)gkl(y)
√
g(y) . (91)
In the same way we obtain
{
piij(x), pikl(y)
}
D
= −
∫
d3zd3z′
{
piij(x),ΦI(z)
}
(△−1)I,II(z, z′){ΦII(z′), pikl(y)}
−
∫
d3zd3z′
{
piij(x),ΦII(z)
}
(△−1)II,I(z, z′){ΦI(z′), pikl(y)}
=
κ2
2
(Rij(x)G(x,y)pikl(y)− piij(x)G(x,y)Rkl(y))
− κ
2
2
∇i
x
∇j
x
G(x,y)pikl(y) +
κ2
2
gij(x)∇k,x∇kxG(x,y)pikl(y)
+
κ2
2
piij(x)∇k
y
∇l
y
G(x,y)− κ
2
2
piij(x)gkl(y)∇k,y∇kyG(x,y) (92)
using{
piij(x),ΦI(y)
} ≈ Rij(x)δ(x− y)−∇i
y
∇j
y
δ(x− y) + gij∇k,y∇kyδ(x− y) ,{
ΦII(x), pi
kl(y)
}
= pikl(x)δ(x− y) , (93)
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and where ∇k,y means covariant derivative evaluated at the point y. We see from
(91) and (92) that the symplectic structure of the theory (71) is much more com-
plicated than in case of General Relativity. On the other hand this symplectic
structure and form of the constraints is much simpler than in the generic case with
γ3 6= 14 , which is the main reason why we introduced an additional constraint in the
projectable version of HL gravity. In any case the projectable HL gravity with ad-
ditional constraints has remarkable property that the scalar graviton is eliminated.
5 Conclusion
In this paper we performed the analysis of projectable and non-projectable HL grav-
ity with two additional constraints. We showed that the structure of the constraints
is more involved in the case of non-projectable theory, since the form and number
of constraints depends on the values of the additional coupling constants. We have
shown that the scalar graviton is absent when the coupling constants have the values
γ3 =
1
4
, γ1 = 0 or when γ1 = η1 = 0 and γ3 =
1
4
. In those cases, the number of
physical degrees of freedom is the same as in GR. However, it is an open question
whether these points are stable under quantum corrections. In other words, even
if we construct the classical non-projectable HL gravity with the exceptional values
of the parameters given above, it is not clear whether quantum corrections generate
these operators.
In case of projectable theory the situation is different. We have shown that in
this case the scalar graviton is absent as well even if the structure of the constraints
depends on the value of the parameter γ3. However, the important point is that the
projectability condition is consistent truncation of the theory and for that reason
is expected to be stable under radiative corrections. Hence we can conclude that
the number of gravitational degrees of freedom in the projectable HL gravity with
additional constraints is the same as in GR, despite of the fact that the symplectic
structures of the theories are different.
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